Derived equivalence and birationality 



Yu-Han Liu 



1 Introduction 



1.1 Introduction 



(1.1.1) Two smooth projective varieties are called derived equivalent, or D-equivalent, if their 
(bounded) derived categories of coherent sheaves are exact equivalent. Kawamata formulated 
conjectures relating D-equivalence with K-equivalence [Kaw02]. Some partial answers to these 
conjectures have been known; see |Huy06, Section 6.4] and [KawlOj . 

If two varieties are K-equivalent then they are birational, and there are examples of D- 
equivalent varieties which are not birational: most well-known among them perhaps abelian 
varieties and their duals of dimension at least two. In this paper we prove a sufficient 
condition (j2.1.2.1D when D-equivalence does imply birationality. 

The form (12.1.2.20 in which we will apply the criterion was already known, as the author 
discovered after having written up the paper. The slight shift of emphasis from geometry to 
tensor functors will be justified only in future work. 



(1.1.2) Since birationality is equivalent to isomophy for smooth projective curves, we use 
this birational criterion in (|3.1.1.ip to show that over an algbraically closed field (of any 
characteristic), D-equivalent curves are isomorphic. The cases when the curve genus is zero 
or at least 2 can be reduced to a more general result due to Bondal-Orlov |BO01[ Theorem 
2.5] about varieties with ample (anti-)canonical bundles; our approach gives also a proof of 
slightly different flavor for these cases. 
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The most interesting case is of elliptic curves. The proof presented in this paper has the 
advantage of being algebraic and does not use the complex topology. It is perhaps also closer 
in spirit to the first known examples of D-equivalent varieties: They should be considered as 
moduli spaces of each other, but for an elliptic curve all the "interesting" moduli spaces are 
essentially isomorphic to the curve itself; [Ati57[ Theorem 7] and [Tu93[ Theorem 1]. 

(1.1.3) Kawamata showed [Kaw02, Theorem 2.3] that for smooth projective varieties of max- 
imal Kodaira dimensional, D-equivalence implies K-equivalence. In particular in this case 
D-equivalence implies birationality. In (I3.2.1.2j) we prove this last implication as another 
application. Our approach is to retrieve information on the rational maps associated to the 
linear system of pluri-canonical forms through the Serre functors on the derived categories. 

(1.1.4) Notations. For any variety we denote by Tx '■= D(X) pai f the triangulated category 
of perfect complexes. When X is smooth T x is isomorphic to the derived category D b (X) of 
coherent sheaves on X. If k is a field we have Tk = L> 6 (Vectfc). 

All functors considered in this paper are derived, and, for example, we denote the derived 
pull-back Rf* (resp. derived push- forward i?/*) of a morphism / simply by /* (resp. /*). 

In the case when a fc-linear triangulated category T is Horn-finite, for any pair of objects 
a, b G T we denote by Hom*(a, b) the object ® J Homr(a, j] in Tk- The Horn-finite 

condition is satisfied, for example, when A; is a field and T = T x where X is a smooth 
projective variety over k. 



2 A criterion for birationality 



2.1 Varieties sharing a point 



(2.1.1) Let X be a variety over a field k; denote by 7r the structural morphism X — > Spec(fc). 
We will need the following 

(2.1.1.1) Lemma // p is an object in Tx such that the functor Tx — > Tk defined by 
a \-> 7r*(a ® p) is a tensor functor, then p is supported at a closed k-point x on X. 
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Proof. By [Liull[ Theorem (3.3.4.1)], the tensor functor a m> 7r*(a(g>p) is isomorphic to 
a ' y x*(a) for some closed Appoint x E X; since x*(k(x)) is non-zero, the case of a = k(x) 
implies that x lies in the cohomology support supp(p) of p. 

Suppose there is another closed Appoint y ^ x in supp(p), then we have x*{k{y)) = 0. On the 
other hand, 7r*(fc(y)®p) = 7r*y*y*(p) is non-zero, since y*(p) is non-zero and Tr*y* : T^ y ) — > Tk 
is an equivalence. This is a contradiction and we must have supp(p) = {a;}. □ 



(2.1.2) Let X and Y be two smooth projective varieties over a field A;. 

(2.1.2.1) Theorem Suppose <f> : Tx — > Ty is an exact equivalence, and F : Tx — > Tk and 
G : Ty — > Tk are tensor functors such that the following diagram is commutative up to 
functor isomorphisms: 




T k . 

Then X and Y are birational. 

Proof. Again by [ LiulU Theorem (3.3.4.1)] we may replace F with x* and G with y*, where 
x G X and y £ Y are closed Appoints. By [Orl03, Theorem 3.2.2] the equivalence $ is 
isomorphic to the Fourier-Mukai transformation <3?£ for some object £ e TxxY] let £ y be the 
restriction of £ to X x {y} > X x Y. Now we have the following diagram: 

X xY * X x {y} 




X Y^ V- 

Consider the functor y*o$ £l which by [B095, Lemma 1.3] is isomorphic to the Fourier-Mukai 
transformation $£ v : a m> ir*(a®£ y ). By assumption this is isomorphic to the tensor functor 
a h> x*(a), and so by p.l.l.ip we have supp(£ y ) = {x} on X x {y} ^ X. By [Tho97j Lemma 
3.3(b)] we then have supp(£ ) n (X x {y}) = supp(£ y ) = {x}. 

Now the projection supp(£) — > Y is surjective with connected fibres |Huy06| Lemma 6.4 
and Lemma 6.11], whose dimensions are upper-semicontinuous. Hence there is an open 
neighbourhood V of y in Y over which the morphism supp(£) — > Y is a homeomorphism. 

In particular the support of $(Ox) = 7Ty*(£) contains V; its fibre at y is isomorphic to k(y). 
Therefore by shrinking V if necessary, we have $(Ox)\v — ®v- 
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Now consider the following commutative diagram: 

# rr, \v 



T x 

<ix 

T x /ker(x*) 



Ty 



1y 





Ty/ ker(y*) — T v /kez(y*) 



where $ is the induced exact equivalence, and the arrow marked with "f.f." is fully faithful. 
We then have §q x (Ox ) = q y ${Ox), whose image in T v /kei(y*) is the unit object q' (Oy)- 



In particular, under the composition 

Tx/ker(z*) - 



Ty / ker(y*) -^T v /ker(y*) 



the unit object q x (O x ) is sent to the unit object q' y (Ov). This composition is fully faithful, 
and so we have an isomorphism 

®ndT x /ker(x*){<lx(0 X )) = End Tvr / kerfo*) (q' y {Oy)) . 



But by |Liull[ Theorem (3.3.4.1) and Proposition (2.3.3.1)] these two are isomorphic to 
respectively the local rings Ox,x and Oy, y — Oy, s , and so X and Y are birational. □ 



(2.1.2.2) Corollary [BM01, Lemma 2.5] Let X and Y be smooth projective varieties over 
a field k; let x £ X and y £Y be closed k-points. Suppose § : Tx — > Ty is an exact 
equivalence sending k(x) to a shift of k(y), then X and Y are birational. 



Proof. By pre- and post-composition with the shift functors on T x and Ty, we may assume 
that $ sends fc(a:)[- dim(X)] to k{y)[- dim(Y)]. Denote by F : T x -> T k the functor 
represented by k{x)[— dim(X)], in the sense that F(a) := Horn' (k(x)[— dimpf)], a) for every 
a £ Tx. Similarly let G be represented by k(y)[— dim(y)], then we have F = G o 

But then we are in the situation of ()2.1.2.ip since these functors are isomorphic to the tensor 
functors x* and y* by Grothendieck-Verdier duality |Huy06| Corollary 3.35]: For any a G Tx 
we have 

Hom^ x (k(x)[- dim(X)],a) = Hom^ x (z*(fc), o[dim(X)]) = Hom' Tk (k,x*(a)) ^ x*(a) £ T k . 

□ 



(2.1.2.3) Corollary Let X and Y be smooth projective varieties over a field k; let y G Y be 
a closed k -point. Suppose : T x — > Ty is an exact equivalence sending an object v to 
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a shift of k(y). If the cohomology support supp(v) is zero -dimensional, then X and Y 
are birational. 



Proof. Suppose $(v) = k(y)[n], then we have 

Hom(v, v) £ Hom(fc(y), k[y)) ^ k. 

Moreover, 

Hom(t;,t>[t]) = Hom(jb(y),*(y)[*]) = 
for all i < 0. See for example |Huy06, Proposition 11.8]. 

Thus the conditions of |Huy06, Lemma 4.5] are satisfied, and we conclude that v is isomorphic 
to a shift of k{x) for some closed fc-point x 6 X, and we are in the situation of fj2. 1.2.2H . □ 



3 Applications 



3.1 Smooth projective curves with equivalent derived categories 



(3.1.1) We consider the following 

(3.1.1.1) Theorem Let k be an algebraically closed field. If C\ and C2 are two smooth 
projective curves admitting an exact equivalence <3? : Tc 1 — > Tc 2 , then C\ and C2 are 
isomorphic. 



In fact when the genus g of C\ is either zero or at least two the result holds over any field 
due to the more general result [BO01[ Theorem 2.5]; see also [Liull] Theorem (4.2.1.1)] for 
a somewhat different proof. (In (|3.1.5D below we sketch an independent proof in the case of 
curves.) 

We are thus reduced to the special case: 

(3.1.1.2) Proposition Let k be an algebraically closed field. If E\ and E2 are two smooth 
projective curves of genus one admitting an exact equivalence $ : Tgj — > Te 2 , then E\ 
and E2 are isomorphic. 
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The case when k = C can be proved by passing to singular cohomology |Huy06, Corollary 
5.46], but this proof does not seem to trivially generalize to other fields. It may be an 
interesting question to ask whether l|3. 1.1.20 still holds over fields which are not necessarily 
algebraically closed. 

The rest of this section except for (|3.1.5R is devoted to giving the proof of (j3.1.1.2j) , and we 
work under its notations and assumptions. 

(3.1.2) Let v be an object in T El such that <$(v) = fc(y)[-l] for a closed Appoint y £ E 2 . 
Recall that A;(y)[-1] represents the functor y* : Tg 2 — > T k ( y y, see the proof of (j2.1.2.2fl . Let 
F : T El — > Tk be the exact functor represented by v. 



(3.1.2.1) Proposition With notations as above, we have: 

(a) Horn(v,v) = k. 

(b) The objects v is isomorphic either to a shift of k(x) for some point x £ E\ or to a 
shift of a vector bundle on E\ . 

Proof, (a) It follows from the fact that Hom(v,'y) = Hom(fc(y), k(y)) = k since v h-> k(y)[— 1] 
under the equivalence 

(b) By |Huy06] Corollary 3.15] any object in T El is isomorphic to a direct sum of shifts of 
coherent sheaves on E\. By part (a) there must be only one summand, hence u is the shift 
of a coherent sheaf. Since any coherent sheaf on a smooth curve is also the direct sum of its 
torsion subsheaf with a locally free sheaf, we see that v is the shift of either a torsion sheaf 
supported at a closed fc-point or a vector bundle. In the torsion case it must also be reduced 
since otherwise Hom(v, v) would have dimension greater than one. □ 



F{b) := Hom^ {v, b) £ T k 



for every b £ T El ■ Then for any b £ T El we have 



F(b) := Hom^ (v, b) - Hom^ ($(«), $(6)) = y*#(6). 
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(3.1.3) The proof of (|3.1.1.2D will proceed by induction on the rank of (the shift of) the 
coherent sheaf by this we mean the rank of the unique (up to isomorphism) coherent sheaf 
isomorphic to v in T El ■ The base cases are the following: 

(3.1.3.1) Lemma If the rank of v is or 1 then E\ and E 2 are isomorphic. 

Proof. By ()3.1.2.ip , if v is torsion then it is a shift of k(x). Then E\ and E 2 are birational 
by (I2.1.2.2P , hence isomorphic since they are assumed to be both smooth. 

On the other hand, assume that v is a shift of a line bundle, then v = L[n] for some n G Z 
and line bundle L on E\. Fix a closed fc-point z G E\, consider exact equivalences 

rp *7> *r 

J Pic (Si) ' 1 Ei r J-Bi, 

where V is the Poincare line bundle on Pic°(£i) x #1, and £ = A*0 Sl (deg(Z/)z)[n] on 
Ei x Ei, here A : E\ — > E\ x E\ denotes the diagonal morphism. 

With our choice of Fourier-Mukai kernel £ we have a line bundle M of degree zero on E\ such 
that <i>£(M) = v; moreover, there is a closed /e-point m G Pic (i?i) such that $-p(k(m)) = M. 
Hence the composition <i> o <i> £ o <$-p is an exact equivalence sending k(x) to k(y)[— 1], and we 
are in the situation treated above: 




Hence we have E 2 = Pic°(#i) = E x by (I2.1.2.2I) . □ 



(3.1.4) The proof of (13. 1.1.21) is now reduced to the following 

(3.1.4.1) Lemma With notations and assumptions as in $3.1.1.2) , if v is of rank at least 
two then there exists another exact equivalence <!>' : T El — > Ts 2 and object v' G T El such 
that §'(v') ^ k{y)[-l] and rank(u') < rank(v). 

Proof. Let r = rank(v) > 2. By tensoring with a suitable line bundle on E\ we can write 
v = L <g> B[n], where n G Z, L is a line bundle, and B an indecomposable vector bundle of 
rank r and degree d E satisfying < d E < r. 

We claim that d E cannot be zero: Indeed, by [Ati57l Theorem 5 (ii)] every indecomposable 
vector bundle of degree zero and rank r on E\ is of the form M ® F r , where M is a line 
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bundle of degree zero, and F r is the special vector bundle of degree zero and rank r; see 
[Ati57, Theorem 5 (i)]. Hence if ds = then we have 

Uom{v,v) ^ Kom(L ® M ® F r [n], L ® M ® F r [n]) = Hom(F r ,F r ) = k r 

by [Ati57[ Corollary 1 to thm 5, and Lemma 17]. This contradicts (j3. 1 .2. 1 [) part (a) since 
r > 2. 

Now consider the Poincare line bundle V on Pic°(.&i) x E\\ denote by 7T; the projection onto 
the i-th factor. Let Q be the object , P(8i7r|(L _1 )[ — n] in ^pi c (Si)xSi • Then we have an exact 
equivalence 

m *Q rn 

J Pic°(Bi) i J Sn 

which sends the object v = L ® B[n] to iru(V ® ttI(^)) m ^Pic°(Si)- 

We consider the vector bundle V <gi 7r|(S) as a family of vector bundles on E\ parametrized 
by Pic°(£7i). In fact it is the family of vector bundles of rank r and degree ds on E\ with 
"level r-//i-structure", where h = gcd(r, ds); see [Ati57l Theorem 10]. 

Recall that we have < ds < r, and so by [Ati57, Lemma 15] and the Rieman-Roch theorem 
[Ati57, Lemma 8], we have for every line bundle M of degree zero: 

v 1 if z 7^0. 

Hence by the Leray spectral sequence |Huy06, (3.4)] we see that v' := ttuCP ® ^iB)) is a 
vector bundle on Pic°(£7i) of rank ds < r, and we can simply take <£' to be the composition 
of a quasi-inverse of $q followed by #: 

r pic°(Bi) T El — Tb 2 
Identifying Pic°(£7i) with £7i then concludes the proof of the lemma and with it the proof of 



(3.1.5) Remarks. The same idea above may in fact be used to give a proof of (|3.1.1.1|l in 
the case when the genus g of C\ is not equal to one. Here we give a sketch: Suppose Y is a 
smooth projective variety and C is a smooth projective curve admitting an exact equivalence 

$ : T c — * Ty. 

Let y G Y be a closed fc-point. Denote by v G Tc the shift of a simple coherent sheaf such 
that <&(v) = k(y)[- dim(y)]. Since Serre functors commute with exact equivalences, we have 
a commutative diagram 



8 



®K c [l] 



®K Y [dim(Y)] 



Ty. 



Applying the functors in this diagram to the object v gives 

v i ^ Ky)[- dim(y)] 



v ® Kc[l] h 



But this implies that v[dim(y)] and v ® Kc[l] are sent to isomorphic objects under the 
equivalence <£, and this is possible only if these two objects are isomorphic; in particular we 
have dim(y) = 1. Prom this we see that we must have v = v ® K® m for all m 6 Z, but this 
is possible only if either v is torsion (in which case we conclude C = Y by (|2.1.2.2j) ) or 
and — Kc are both not ample (in which case C is of genus one). 

3.2 Varieties of maximal Kodaira dimension 



(3.2.1) Consider the following 

(3.2.1.1) Theorem [Kaw02, Theorem 2.3 (2)] Let X and Y be smooth projective varieties 
over a field k admitting an exact equivalence <i> : Tx — > Ty- Suppose that the Kodaira 
dimension of X is equal to dim(X), then X and Y are K-equivalent. 

Here by K- equivalence we mean there is another projective smooth variety Z with birational 
maps / : Z — > X and g : Z — > Y so that f*K x — g*Ky on Z. It seems unclear at the 
moment and an interesting question how to interpret K-equivalence in terms of the derived 
categories. 

(3.2.1.2) Corollary Let X and Y be smooth projective varieties over a field k admitting 
an exact equivalence $ : Tx — > Ty. Suppose that the Kodaira dimension of X is equal 
to dim(X), then X and Y are birational. 

In the remaining paragraphs of this section we give a different proof of (|3.2.1.2p , and we 
work under its notations and assumptions. An analogous arguments works if we replace the 
Kodaira dimension of X in the statement with the Kodaira dimension of the anti-canonical 
bundle —K X - 



9 



(3.2.2) Let y G Y be a closed fc-point, and v y G Tx be an object such that §{v y ) = 
k{y)[- dim(Y)]. Then as in (j3.1.2.1D we know that Hom(v 2/ ,w y ) = k. By |Huy06j Lemma 
3.9] we know that the cohomology support Z y := supply) is connected. 

(3.2.2.1) Lemma For every point x G X, there is a point y EY such that x lies inZ y . 

Proof. By Huy06, Prpposition 3.17] we know that {k{y)[— dim(y)]} (with y varying) form 
an spanning class of T Y . Since <f> is an equivalence we see that {v y } form an spanning class 
of Tx ■ In particular for any x we can find an y so that 

x*{v y ) Kom m {k(x)[-dam{X)],v y ) + G T k{x) . 

□ 

(3.2.3) By (12. 1.2.31) . the proof of (13.2. 1.21) is reduced to the following 

(3.2.3.1) Proposition If the Kodaira dimension of X is equal to dim(X) then there is a 
point y &Y with dim(Z y ) = 0. 

First we need a simple 

(3.2.3.2) Lemma Let Z be a smooth projective variety over a field k, M a line bundle on 
Z and Q a coherent sheaf with supp(S) = Z such that Q = Q ® M . Then M is torsion 
in Pic(Z); that is, O z = M® r for some r G N. 

Proof. We may replace Q in the statement with a reflexive sheaf [Har80, Corollary 1.4]: 
Indeed, Q vv is reflexive and is easily seen to satisfy Q vv = Q vv ® M. So from now on we 
assume Q is reflexive. 

Then there is a closed subset Z' C Z of codimension at least two such that the restriction of 
Q to its complement U := Z — Z 1 is a vector bundle of positive rank r. By taking the r-th 
wedge power of G\u — Q ® M\u we get 

h(Q\u) = k(g\u)®(M\® r ). 

Since f\ r (G\u) is a line bundle on U, this implies that M\® r is the trivial line bundle on U, 
which in turn implies that M® r is the trivial line bundle on Z since Z 1 has codimension at 
least two. □ 
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Proof of $3.2.3. Suppose on the contrary that for every y we have dim(Z y ) > 0. Consider 
the following commutative diagram 



T X -^T Y 



-8Jr x [dim(X)] 



-8Ky[dim(y)] 



where the vertical arrows are Serre functors. Applying the functors in this diagram to the 
object v y gives 

v y i %)[- dim(y)] 



Vy ® K X 



dim(X)] h 



Then fl v [dim(F)] and v ® Kx[dim(X)] are sent to isomorphic objects in Ty under the equiv- 
alence <f>, hence these two objects are isomorphic in Tx- Letting d = dim(X) — dim(y) we 
then have 

v y = v y <g> K x [d] ^v y ® 2 [2d] ^ ■ ■ ■ ^ v y ® K^ m [md] ^ ■ ■ ■ 

for all m E Z. This in particular implies the well-known fact that d = |Huy06| Proposition 
4.1], and we have v y = v y ® K^ m for every m E Z. 

Fix any closed fc-point x on X and y on Y so that a: E Z y as in ()3.2.2.ip . Let /i : Z — > Z y be a 
non-constant morphism from a positive dimensional smooth variety Z whose image contains 
x; for example we can choose any projective curve contained in Z y passing through x, then 
take Z to be its normalization. This can be done since Z y is connected and assumed to be 
of positive dimension. 

The isomorphism v y = v y ® K^ m then gives h*(v y ) = h*(v y ) ® h*(K x m ) on Z. Since 
h*(K x m ) is locally free on Z this implies 

U\h*{v y )) « W{h*(y y )) ® /i*(#f m ), 

for every i; here ) denotes the i-th cohomology sheaf. 

Since the image of h is contained in the support of v y , we have su-p-p(W(h*(v y ))) = Z for some 
i. Therefore the conditions of (I3.2.3.2I) are satisfied with Q = W{h*{v y )) and M = h*(K% m ), 
and we conclude that h*(K® m ) is a torsion element in Vic(Z) for every m. 

But this implies that every general x is contained in a positive dimensional fibre of the 
rational map <p K ®m associated to K x m , since h(Z) is mapped to a point. Therefore the 
Kodaira dimension of X cannot be equal to dim(X). □ 
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(3.2.4) Remark. Denote by k{X, L) the Iitaka-Kodaira dimension of a line bundle on a 
smooth projective variety X. Then the proof of f|3.2.3.1|) shows that if v € T x is an object 
that is sent to a shift of k(y) under an exact equivalence <£ : Tx — > Ty, then the support of 
v is contracted by the rational maps <p±K x associated to the linear systems | ± K x \- From 
this we have 

dim(X) — k(X, ±Kx) > dimsupp(ii). 
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